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7. INTRODUCTION
The task to which we have addressed ourselves in this research
program is incredibly complex. ghat we are attempting to construct 1s
a quantitative theory of the reflectance (or emittance) spectra of
mixtures of solids. In particular, we are interested in the spectral
properties of minerals as they appear viewed by remote techniques. A
completely rigorous solution of the problem is out of the question at
the present time. However, if it is recognized that in many of the
details involved it is possible to make some simplifying approximations,
many of which result from statistical considerations, considerable
progress can be made.
The work reported here has been effectively a continuation
}	 and extension of our previous research in the area of the refle_tance
spectra of rocks and minerals. Many of the results of our earlier
studies have been published before 1-5 but some of that material will be
included in this report for the sake of a coherent presentation. The
basic problem is that of remote de termination of the composition of
planetary surfaces. It has long been known that infrared spectra pro-
vide diagnostic compositional information for homogeneous solids. How-
ever, the reflectance or emittance spectra of a given material under
various physical conditions such as changed particle size of particulate
samples and altered surface roughness can be quite different. In dif-
ferent spectral regions a given reflectance peak may increase or decrease
in intensity as the particle size of the material is decreased. 697
Further, a continuing reduction of the particle size may reverse the
trend even for a single spectral f,eature. 8 When mixtures of materials
are involved, it is clear that a linear superposition of the spectra of
the components is not generally applicable. Nonetheless identification
of rocks and minerals even in particulate form have been successfully
accomplished by remote spectroscopy. 9110 A considerable body of exper-
imental evidence concerning these complications exists 395-8 but to date
no satisfactory quantitative theoretical treatment has been available.
-1-
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It is clear from these data that an adequate theoretical treatment mt3st
be able to explain both increases and decreases in reflectance that occur
as a function of a monotonically varying particle size, for example.
Our theoretical treatment has been premised on a belief that'
all of the spectral details for mixtures under varying physical condi-
tions can be explained using a relatively small number of parameters.
These parameters are the radiation wavelength, the wavelength dependent
refractive index and absorption coefficient, the volume fractions of the
components, a measure of the particle size such as diameter (which may
require refinement to three dimensions, depending on particle shape) and
a factor relating to surface roughness.
Our technique has been to examine experimental data, both from 	
M
the literature and that we have generated ourselves, and to then test
any theoretical treatment against these data. 	 This procedure may sug-
gest critical experiments to be carried out. 	 The process can then be
iterated.	 The definition of such critical experiments is quite diffi-
cult for a number of reasons. 	 The most important is the requirement
that the samples be well characterized with regard to the parameters
listed above.	 Unfortunately, there are relatively few materials for
which the optical constants are well known over a broad spectral region.
When the requirement of known and narrow particle-size distribution (so
as to be able to predict changes with particle size) in added, one has
:=ry few materials with which to work.	 For these reasons we have chosen
to work extensively with corundum and quartz.
• .ft
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II. THE THEORY OF REFLECTANCE
A. GENERAL APPROACY.
In remote infrared spectrometry of a planetary or terrestrial
surface, one would generally measure the radiation coming from a patch
of terrain vertically below the instrument. Therefore the quantity of
interest is the normal emittance of the surface. By Kirchhoff's law
the normal emittance is equal to ^the normal reflectance, i.e., the total
reflection coefficient for a collimated infrared beam incident normally
on the surface. From the theoretical point of view it is easier to
calculate the normal reflectance than the normal emittance.
Reflection of a beam incident normally on a powdered sample
r
involves a number of interacting of
reflected by the externally exposed
remaining fraction 1-Re of the beam
converted from collimated radiation
Eects. A fraction Re of the beam is
facets of the powder particles. The
enters the sample and is rapidly
to diffuse radiation by multiple
I reflection and refraction by the particles. At greater depths in thepowder the radiation is in a state of statistical equilibrium in which
the ratio of outward to inward directed flux is independent of depth.
This ratio is the volume reflectance Rv.
Some of the backscattered diffuse radiation returns to the
surface of the powder where it is partially reflected owing to the dis-
continuity in optical properties between the powder and the external
spate. We call this internal reflectance Ri.
The overall reflectance R of the powder is related to the
three reflectances Re , Rv , and R  by the formula*
(1 - Re)(1 - R: )Rv (:^_2
R 
-Re +^- R(1 - RiRv)	 v
*Derivations of this and other formulas are given in the Appendix.
-3-
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'	 waere the factor 2/(3-Rv) allows for the conversion of <;he radiation
from collimated to diffuse. For the case of diffuse incident radiation
this factor is absent.
The external and internal surface reflectances R e and R  depend
on the geometrical structure of tha powder, the degree of roughness of
the surface, the pexticle sizes and shapes, the optical constants of the
particles, and the wavelength of the radiation. The magnitudes of Re
and R  depend strongly on whether the particles of the powder reflect
coherently or incoherently, i.e., on whether the structure of the powder
is on a scale that is small or large compared with the wavelength. We
therefore need two quite different methods of calculation for the two
cases--a fine-particle theory and a coarse-particle theory. In both
theories Ri is usually much larger than Re , which can often markedly
reduce the contribution of R  to the total reflectance owing to the 1-Ri
factor in Equation (1). For this reason we feel that inclusion of the
effect of internal surface reflection is very important, although it is
often neglected in the literature.
To calculate Re and Ri we have to know the geometry of the
surface. For simplicity, we assume that the surface is what one would
obtain by slicing through the powder without displacing any particles.
In the coarse-particle theory Re is then the average Fresnel reflection
coefficient at normal incidence for all the exposed facets. R  is the
average Fresnel coefficient for diffuse radiation incident internally
on the same facets. On the other hand, in the fine-particle theory we
first find the volume average of the optical constants by means of the
Lorentz-Lorenz theory  and then calculate the two Fresnel reflection
coefficients as though the surface were flat and c,,ntinuous.
I
The main task is the calculation of the volume reflectance Rv.
It is very convenient to express this quantity first in terms of the
macroscopic scattering and absorption coefficients S and K of the
Schuster 11 or Kubelka-Munk12 theory. The Kubelka-Munk theory gives
L
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the formula 
2
Rv
. l+ S- 	K2+2 S
S
which shows that R  depends only on the ratio of the absorption and
scattering coefficient:; and not on their absolute values.
The difficult part of the problem is the calculation of S and
K from the geometry and optical constants of the powder, and the wave-
length of the radiation. One approach, which has been tried by several
authors, is to use what we will call the "particle model." In this
model one starts with the known angular scattering distribution (phase
function) for a single particle irradiated by a plane wave. One then
calculates the effect of successive scattering by the particles in a
sample either by a Monte Carlo method or by the theory of Chandrasekhar.13
These methods are certainly valid for widely spaced particles, as in a
cloud of water droplets. However, in the case of nonspherical particles
in contact with each other, as in a powder, the particle model is of
doubtful validity for several reasons. First, there is difficulty with
the very concept of a plane wave incident on a given particle when the
particle is closely surrounded by other particles. Second, the wave is
not scattered independently by the particles but rather by groups of.
closely packed particles acting cooperatively. Third, the single par-
ticle phase function is known accurately only for spherical particles
(Mie theory). 14 For large particles the Mie theory requires the com-
putation of a very large number of terms of a series of oscillatory
functions. The result of the computation is a phase function contain-
ing a great amount of fine structure that pertains only to spherical
particles. Particles of even slightly different shape have quite dif-
ferent fine structures. Therefore, most of the computer time is spent
wastefully. For closely spaced fine particles the Mie theory phase
function is simple but the assumption of noncooperative scattering is
invalid. Therefore a single particle phase functi.on is a poor
approximation.
-5-
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To avoid these difficulties of the Mie theory method we take
an entirely different approach, in the case of coarse particles, which
can be called the "random interface" model.	 Instead of considering a
space full of particles, we consider a space full of interfaces.	 Any
interface separates a region of refractive index n j -ikj from a region
of index 1, where j specifies one of the minerals of which the powder
is composed.	 The assumption of randomness of the interfaces is a sim-
plification required to make the calculations tractable. 	 The assumption
of interfaces only with vacuum would only be valid for relatively porous
media where particles are presumably only in point contact. 	 The idea 1s
that if a line is drawn through the powder in any direction the points
of intersection of the line with interfaces are randomly distributed on
the line.	 The average number of intersections per unit length of line
depends on the sizes and volume fractions of the various types of
particles in the powder.
As with the calculation of surface reflectance we need both
coarse- and fine-particle theories.	 For coarse particles we use geo-
metrical optics and calculate the average phase functions for both re-
interface.	 Knowingflection and refraction at a randomly oriented 	 the
two phase functions for each type of mineral we then determine the
diffuse backscattering coefficient S by summing the contributions from
all minerals and voids for both reflection and refraction. 	 In making
the summations we weight the contributions in proportion to the diffuse
radiation intensity in each mineral, i.e., In proportion to nj. 	 The
absorption coefficient K is calculated from the absorption indices kj
of the various minerals again with n 	 weighting factors and with allow-
ance for the average slant path appropriate to diffuse radiation. 	 In
_ performing these calculations we consider the radiation intensity in
any direction to be a volume average of the radiation intensities in
the various minerals, including vacuum, with weighting factofs_of n 
as mentioned above.
I
In the coarse-particle model the scattering from the various
interfaces is added incoherently. This is valid when the phases of the
scattered waves are random, which happens in those regions of the
s1:actrum where the wavelength in the material is shorter than about
twice the mean spacing of the randomly distributed interfaces. At
points in the spectrum where the wavelength is longer than this, one
must use the fine-particle model in which scattered amplitudes rather
than intensities are added.
We have tried two approaches for calculating the fine-particle
scattering. In the first approach we consider the random interfaces to
'	 be equivalent to a superposition of a large number of sinusoidally
varying contributions to the refractive index relative to a mean index
given by the Lorentz-Lorenz theory. Each sinusoidal component acts1	 like a set of crystal planes and produces a Bragg reflection of the
incident radiation. The sum (actually an integral) of the intensities
of all the Bragg reflections gives the phase function for the fine-
particle scattering. The phase function can be expressed in terms of
the autocorrelation function of the refractive index distribution in
the powder.
'
	
	
The second approach to the fine-particle theory is an extension
of the Lorentz-Lorenz theory of the dielectric constant. It is a co-
operative particle model that allows for the presence of neighboring
particles in the calculation of the scattering by a given particle.
The method permits calculation of the scattering by closely spaced
ellipsoidal particles with random orientation as well as by s-Fierical
particles.
B. SURFACE REFLECTANCES Re AND R 
1. Coarse-Particle Model
In the coarse-particle model we assume for ease of calculation
that the surface of the powder is what would be obtained if the powder
-7-
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were sliced by a plane. Thus the assumed surface is a plane consisting
of facets: We assume further that radiation reflected from other parts
of the surface layer of particles, either externally or internally, is
to be included in the volume part of the scattering. Under these con-
ditions the external surface reflectance is taken to be the normal
incidence Fresnel reflectance averaged over all the facets, i.e.,
Re	
E 
fjRe,j	 (3)j
where Re j is the reflectance of mineral of type j, given by
(nj - 1) 2 + k2
(4)
Re '
j
	 (nj + 1) 2 + k2
The weighting factors f  are the volume fractions of the various minerals
in the powder. Under our assumption about the nature of the surface the
f  are also the area fractions of the different kinds of facets.
The internal surface reflectance R  is the diffuse internal re-
flectance of the facets averaged with respect to both the volume fractions
f  and the radiation intensities I  in the various kinds of particles:
_ 
^fjijRi,j
Ri 	 E fj lj	 (5)j
where Rigj is the diffuse internal reflectance for a facet of type J.
For diffuse radiation the intensity Ij is approximately propor-
tional to ni. Therefore the formula for R  can be written as
C
	
-8-
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r'	
R	 E fjnjRi.i	 (6)
1 s
	
E fjn2
'
	
	 The quantity R 
19 
is the internal Fresnel reflectance for
mineral j averaged over all angles of incidence:
.	
.,,j. jj + Ri,J.-Ll Cos 29dw
Ri . j	 IT f
	
2	 (7)
0=0
e
where 9 is the angle of incidence on the facet, dw is an element of solid
angle, and 
Ri,j.11 and Ri.j.1 are the usual Fresnel reflectances for the
parallel and perpendicular directions of the polarization of the radiation.
In applying the Fresnel formulas in our case of internal reflection in
an absorbing medium we assume that the reflectances depend only on the
relative index of refraction between the medium and vacuum. Thus we
evaluate the reflectances 
Ri.j.11 and Ri.j.1 as though the radiation were
incident . in a vacuum on a medium of complex index njj'-ik, where n' and k'Fri ^
are the real and imginary parts of 1 /(nj -ikj).
2. Fine-Particle Model
when the structure of the powder is on a scale that is small
compared with the wavelength of the radiation it is no longer correct to
cocsider the surface reflection to be caused by the independent reflection
of individual surface facets. Instead, owing to the effect of phase co-
herence, one must attribute the reflection to the discontinuity in the
"average" complex refractive index at the surface of the medium. The
proper average is one that takes into account the interactions of the
particles on each other. Lorentz and Lorenz have considered this problem
in connection with the dielectric constant of a medium composed of
spherically symmetrical molecules of given electric polarizability ap.
They derived the well-known formula
-9-
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e +2 ' 4np n	 (8)
'	 for the dielectric constant a of the medium, where n is the number of
molecules per unit volume. One can easily extend the Lorentz-Lorenz
'	 formula to the case of a mixture of molecules:
E: - 13_Psi
e + z
= E k T
	
n j	 (9 )j
This expression can be put in the form of a mixing rule for the dielectric
constant:
e-1	 E^-1
e+2
	 j fj ej +2
where e  is the dielectric constant of a medium composed of molecules of
type j only, and f j is the volume fraction of such molecules in the
mixture._
We now assume that the Lorentz-Lorenz theory can. be extrapolated
from molecules to small particles. We then obtain, on substituting
C = (n-ik) 2
 and e  = (nj -ikj ) 2 for the dielectric constants in terms of
the complex refractive indices:
(n - ik) 2 - 1
= E f 
(n i	 ikj ) 2 - 1
(n- ik) 2 +2 j i (nj - A 2+2
On solving this equation for n-ik one must select the root of (n-ik)2
that lies in the fourth quadrant in order that both n and k are positive.
We calculate the external and internal reflectances Re and R 
in the same way as in the coarse-particle model except that we now con-
sider the powder as a homogeneous medium with complex index n-ik.
-10-
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fWe have generalized the Lorentz
-Lorenz theory to the case of
ellipsoidal particles, which enables reflectances to be calculated for
'	 needle-shaped or disk-shaped particles. The derivation is given in the
Appendix.
3. Bridging between Coarse- and Fine-Particle Models
When the wavelength approaches the particle size the formulas
of the coarse-particle model overestimate the values of R e and R  owing
to neglect of the effect of wave interference between the outermost
facets of the powder particles and the next layer of facets. In order
to correct for this effect approximately and thereby help to bridge from
the coarse- to the fine -particle model we multiply both Re and R  by an
interference factor F. This factor is based on the usual formula for
the normal incidence reflection coefficient R of a film of thickness d,
which has the form
4 R0
 sin  (21Tnd
R =	 ° 2 
c	
(12)
(1 - 1.1	 + 4 R0 sin ^
2nd
where R0 is the Fresnel reflectance of one surface of the film, n is the
refractive index of the medium, and 
X0 is the free space wavelength.
For small values of 27nd / a 0 this expression becomes
R0
R 
o ll	 2 a 2
11 - 
Ro) (4rrnd)
(13)
For large values of 2'R nd/a 0 the coarse-particle theory is valid and the
reflectance should have the value R0 . A simple expression that has the
correct behavior is
-11-
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R
R	 o2	 a	 2( 0
'	 1 + (1 - Rol ` 4nnd
1,
	 Therefore we assume for the interference factor the form
F	 1
,2	 ao \ 2
1 + ^1 - R J 4rnd J
C, VOLUME REFLECTANCE Rv
1. Coarse-Particle Model
The volume reflectance depends only on the ratio K/S of the
absorption and bac 'kscattexing coefficients. For coarse particles we
calculate K and S by means of our random interface model. To do this
we assume that the radiation in the regions between adjacent interfaces
is approximately diffuse and of intensity proportional to n j . We assume
furthermore that K and S are independent of each other, i.e., that K can
be calculated as if there were no reflection or refraction and S can be
calculated as if there were no absorption.
To calculate K we consider a typical ray of intensity I 
traversing a region j at an angle a with respect to the x-axis, which is
normal to the surface of the powder. In advancing a small distance ds
the ray suffers a loss in intensity of 47k j Ij dx/a0cose where X  is the
free space wavelength of the radiation. To obtain the average loss we
average this quantity over the forward hemisphere with a weighting factor
of cose. The result is 87kj lj dx/lo0 which indicates that the effective
slant path for diffuse radiation is 2dx. Next we average spatially,
taking Ij nj and allowing for the various volume fractions fj . Then,
since K is the fractional loss in intensity per unit distance in the
x-direction, we obtain:
[.A
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4
E kjfjnj
8n i—
K 
i ^o	 E fjn2
j
The backscattering coefficient S is the sum of contributions
from both reflection and refraction by the random interfaces. An inter-
face between mineral j and vacuum can reflect either externally or
internally. We denote the external and internal reflectances averaged
over all orientations of the interface, relative to an incident ray,
by Re,j and R im . The average reflectance R  for an interface of type j
is the sum of Re,j and Ri'j weighted with respect to the external and
internal intensities I o and Ij , which are in the ratio 1 to nj. Therefore
2 —
R 	
Re,3 + nj 	 (17)
j	 1+nj
We now assume that for a given incident ray direction the rays reflected
by a random interface, either externally or internally, are approximately
isotropic. Then for any incident ray one half of the reflected radiation
is backscattered. The contribution to S from j-type interfaces is
therefore
Sj	 2 UNj ) Rj - Nj Rj
	 (18)
(16)
where N  is the average number of j -type interfaces per unit length of
any line drawn through the powder. The factor of 2 multiplying N  arises,
as in the calculation of K above, from averaging over the diffuse incident
radiation. The total backscattering coefficient due to reflection is
N (R t n2 R ^)
Sreflection j j	
i	
e' 1 + n2 i	
(19)
f	 j
I,
-13-
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r - 2cos^ 
m 
cos-1 an	 - 2sin 1taOm )
f 
2r(1 - cos^m)
(21)
F
	
-,w
where we have included the same interference factor F  as in the surface
reflection to correct approximately for destructive interference when
the wavelength approaches the particle size.
The contribution of refraction to S is found in the following
way. A given ray on striking a type-j interface is refracted through
some angle m from its original direction. The maximum angle ^m is, from
Snell's law of refraction, given by the relation
COOm - n
	
(nj > ])	 (20)
j
If n  < 1, the right-hand side must be replaced by nj . Since the orien-
tation of the interface is random, the refracted rays fill a cone of
half angle gym . Although the intensity of the radiation in the cone
varies somewhat with the angle from the axis of the cone we assume, in
order to obtain an analytical expression for the fraction f  of the
incident radiation that is backscattered, that the refracted intensity
is uniform over the cone. Under these conditions we find (see Appendix)
for f  the formula
for X < ¢m where X is the angle that the incident ray makes with a plane
parallel to the surface of the powder. For X > 0 m there is no contribu-
tion to the backscattering since'all rays in the refracted cone lie in
the forward hemisphere.
We find the backscattering coefficient for refraction by
j-type interfaces by integrating f  over all incident rays for which
X > gym:
r°
	
-14-
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I
:tor, Nj /sinX is the average
slant ray per unit distance
dw/n) is the fraction of
of solid angle
(22)
I
I
I
-15-
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1
_S  - J	 fb(1 - Rj )CNj /sinX)(sinX dw/n)
X=0
In the integrand 1-R j is the transmission fa
number of type-j interfaces encountered by a
measured in the forward direction, and (sin?;
the incident diffuse radiatin in an element
dw = 27 cosX dX.
On substituting for fb , carrying out the integration and sum-
ming over the different types of interface, we find for the total back-
scattering coefficient due to refraction:
S	 = E N1 - R) 2 sino
m.j - ^m.j co"m'j	
(23)
refraction	 j j ( 	 j n 1 - cosh jm,
where cosh	
n.	
(nj 3 1)	 (24)M'j
n
 
	(n j < 1)
and R  is given by Equation (17).
It is to be noted that we do not apply here an intensity
weighting factor nj for internally incident rays as we did in the case of
reflection. The reason is that the external and internal diffuse trans-
mission factors are approximately in the ratio n  : 1 which just balances
out the intensity ratio between the two sides of the interface.
The total backscattering coefficient 5 is the sum of contri-
butions from,reflection and refraction by the random interfaces:
S	 Sreflection + Srefraction
	 (25)
fThe number of interfaces per unit length N  in the expressions
for S
reflection	 refraction
and S	 is related to the size d; and the volume
fraction f  of particles of material J. The relationship is derived as
follows. The average number of particles intercepted per unit length of
an arbitrary straight line is n i aj , where n is the number of particles
per unit volume and a  is the average cross-sectional area. Since each
particle accounts for two interfaces, we have
Ni = 2 n  a 	 (26)
The particle density n  is related to the particle volume v  and the
volume fraction f  by the relation
f  = n 
i 
v 
i
	 (27)
For convex particles the cross section a  is related in a simple way to
the surface area A i of the particle. An element dA i of the surface
contributes to a^ an average amount
7T/2
da d _
	
	 dAj cosh 4w=	 4 dAj	 (28)
e=O
where a is the angle between the direction of the arbitrary straight line
and the normal to dA J and dw is an element of solid angle. On adding the
average contributions from all elements of area on the surface of the
particle we get
a1	4 A3
__ 1	 (29)
On eliminating a3 and 
ri 
from the equations for NJ , fj , and a  we arrive
j'	 at the required relation
tt	 •
f	
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Nj 2 ,	 (30)
i
For rectangular particles of dimensions a, b, c this formula gives the
result
'	
Ni
	 f j (a + b+^)	 (31)
' In the present work we are concerned first with quartz particles
of random shape, represented by cubes of edge c j , and second with corundum
particles, which are platelets with edge lengths a j ,
 bit d  approximately
tin the ratio 5:5:1. For these particles the formula gives N  = 3fj /dj
and N  = 1.4 f j /dj , respectively. To allow for the considerable range in
'
	
	 particle shapes and sizes in any given powder sample and for the effect
of agglomeration of the particles, which is greater for corundum than for
quartz, we will assume for both kinds of particles that N  = 2 fj /dj.
2. Fine-Particle Model
f
When the particle size is of the order of the wavelength or
tsmaller we must use wave optics instead of geometrical optics in the
calculation of K and S. To do this we return to the Lorentz-Lorenz theory
already introduced in connection with the surface reflection of a fine
powder. The absorption coefficient K of the medium is calculated from
the imaginary part of the Lorentz-Lorenz refractive index. The scatter-
ing coefficient S depends on the local fluctuations of index relative to
the Lorentz-Lorenz index.
Equation (11) gives the complex index n-ik of the powder accord-
ing to the Lorentz-Lorenz method of averaging. The absorption coefficient
a for a plane wave is
a
4Trk
X
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C
where X 0 is the free -space wavelength of the radiation. To calculate K
from a we depart from the continuous -angle method used in the coarse-
particle model and use instead the discrete-angle, six-beam method of
Conel15 which we will require to make the fine-particle calculation of
S tractable.
In the six-beam method the diffuse radiation is represented
at every point in the medium by six mutually orthogonal beams all inclined
at an angle of cos -1 (1/NF3) (about 55°) to the x-axis. The incremental
slant path is therefore V ' dx in this model, whereas the average slant
path in the continuous-angle model is 2 dx. Therefore K is now given
by the formula
K= %a 4n 3k
a
0
It is worth noting that since S will also contain the slant factor VY,
R
v 
is not affected by the change in value of this factor since it depends
only on the ratio K/S.
In the fine -particle model. scattering arises basically from
fluctuations in the Lorentz-Lorenz average index m = n-ik owing to non-
uniformity in the spatial distribution of the particles. If the particles
were identical in size and shape and were arranged in a perfect lattice,
the powder would act like a continuous medium of index m and would trans-
mit plane waves without scattering (unless the wavelength were short
enough to allow coherent Bragg reflections). 	 Such a plane has the usual
form
a e -im(K . r)
^ 	o	 (34)
= 
where r is the vector position of a point in the medium, K is the wave
propagation vector (of magnitude KO - 27r/k0 , ^ is the field, which we
consider for simplicity to be a scalar, and a is the field amplitude.
F
(33)
F..	 Arthur Q Little, Inc 	
t.
rThe wave is a solution of the wave equation
V 2 ^ + m2 K2 ^ 	 0	 (35)0
The effect of nonuniformity in the spatial distribution of the
particles is that m2 is replaced by m2 + pmt where Amt is the fluctuation
in m2 caused by the nonuniformity. The new wave equation can be written
in the form
V20 + m2 K2^ - K2Am2^
This equation has a solution of the form
-imK2•r
= ae	 0 + ^ s
where 
^s 
is given by
imKa
i
^s	 4r	 R	
(K0Am2¢)dV
of
V
This equation gives the scattered wave ^s at some measurement
point P due to the scattering that takes place in a volume V. An element
dV of V is located at the point r and the distance from dV to P is R.
In order to make the integral for ^s tractable, three approxi-
mations are necessary. First, we adopt the usual Born approximation in
which s is considered to be small compared with the incident wave, so
that ¢ in the integrand is replaced by the plane wave expression given
by Equation (34). Second, we assume that the measurement point P is so
far from the volume V that
(36)
(37)
(38)
1 -imKO 1 -inKORo+inKS•r
R e	 ti R e
0
(39)
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2
1 Koa
^s
_
4Tr R0
-inK R
0 0
e	 f
V
-in(K -K ) r
e	 ° s
	 Am2dV (40)
where R0 is the distance of P from the origin of coordinates located at
the center of the volume V and KS is the wave vector of the radiation
scattered in the direction from the origin to P. As the third approxi-
mation we have also, for mathematical tractability, replaced m in the
exponential factor by its real part n. With these three approximations
the integral for 0 e becomes
The power per steradian scattered by the volume V is
dWs - R 2	 2 K°I° 
3 
e 
-in ('K Ks)•r Dm V2
dm	 oI^sI = 161r 2 V
where I0 is the incident beam intensity (watt/cm2).
To proceed further we must make the additional approximation
of replacing Amt by its real part Ant . This is necessary in order to
relate the expression for dW s /dm in a reasonably simple way to the power
spectral density of 4n2 which is
2P O)	 d0n)	
1 +
 fV ei$,rAn2dVdsxdsydsz87T3V
where is the vector in wavenumber space complementary to r. Thus we
obtain the formula
dW	 TrK41 V
s =	 o o p (R)dm 2
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where
a = nIK O- K S l	 2nKO sing
	 (44)
Here 6 is the angle between the scattered and incident beams. This
relation for a is identical to the Bragg reflection condition for a set
of planes of spacing d = 2fr/a since nK 0 = 27/X. The scattering dWs/dw
in a given direction relative to the incident beam is therefore propor-
tional to the "strength" of the Bragg planes that meet the reflection
condition for that direction, i.e., to the square of the appropriate
Fourier component of An2.
The power density function P(a) depends on the geometrical
structure of the powder, including the degree of agglomera_ion of the
particles as well as their shapes and size distribution. In the absence
of detailed information on these matters we assume the following simple
form for P(a):
d3	-d2a2 (45)
IT
where d
e 
is the autocorrelation length for An  which is of the order of
the particle spacing. We will. ti-eat d e as an adjustable parameter. The
factor de/n 3/2 normalizes P(a) so that
mfff P W dax day da z < (An 2)2>	 (46)
_M
The symbol C , indicates a spatial average.
To evaluate <(An2 ) 2> we should ideally start with the Lorentz-
Lorenz expression for m2 , given by Equation (11). On differencing this
-21-
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expression with respect to local variations Af j of the f's we find
Amt = 3 E Af j (m + 2) 2 ( mmi -- 1\	 (47)
j in + 2
Therefore
m2-1
And 3 E Afj Re ^(m + 2) 2 !L_	 (48)Cm • + 2)
where Re stands for "real part of." The desired spatial average of
(An 2 ) 2 requires that this summation be squared and then space-averaged.
This would clearly result in a very complicated epression and would
require sufficient knowledge of the statistical structure of the powder
mixture so that all the <(of j )2> and <(Afj)(Afk)> could be evaluated.
Instead of undertaking so ambitious a program at this time we have simply
assumed that	 (An 2)2^ is approximately the mean square difference be-
tween the local n2 of the medium and the Lorentz-Lorenz average n2 , i.e.,
<(An2 ) 2> = E f^ (n2 - n2)2j
The scattering formula therefore becomes, from (43) and (45),
dWs K4IoV de<(An2)2> 
e 
-4d22n2 K2 sing 2
(50)
dw	 2 v
To calculate S by the six-beam method we must first apportion
the scattering function dWs /dw, resulting from an incident beam in one
of the six directions, amongst the six allowed scattering directions.
-22-
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We designate the powers of the scattered beams as W  for the forward-
scattered 'beam, W t for the four transversely-scattered beams, and W  for
the backward-scattered beam. A suitable weighting scheme for apport:.on-
ing the scattering is the following:
n/2
Wf - f	 T;- cos 26 dw	 (51)
0
dW
Wt4 
f IT
 
dms sin 26 dw	 (52)
0
Wh =
il n 
dwscos26 dw	 (53)
dW
2
The total backscattered power from a given forward-going beam
is Wb+2Wt . Therefore
S = v3 (Wb + 2Wt )	 (54)
0
where the V-3  is the slant factor referred to earlier.
On carrying out the integration for W  and W t with dws/dw
given by (50), we obtain for the backscattering coefficient:
S	 43:r	 (42)2	 G(x)
n d
e
where x = 27rnde/X
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(56)
II
I
and
1)	 2	 2
G(x) = 2x - 1 + 2 e` `x - (1 + 2x
2
 + 4x4 4x)e-	 (57)
2x2
The function G(x) varies as x 4 for small x and approaches 1 for large s.
An alternative way of determing S, which is analogous to the
calculation of the Rayleigh scattering of a gas in terms of the incoherent
scattering of the individual molecules, is by means of the "immersed par-
ticle" model. Here we regard a given particle of index n  as though it
were immersed in a medium of index n, the real part of the Lorentz-Lorenz
index. Under these conditions it is a well-known result of electrostatics
that, for a spherical particle of radius a j , an electric field E in the
medium induces in the particle a dipole moment of magnitude
4 aj n2 (n2 - n2)E
M =
(n j + 2n2)
If the electric field is produced by an incident wave of long
wavelength, the total scattered power is given by
3
Ws = K 
w2 
M2
	(59)
127TH
while the incident power density,is
Io = 2 E2 wn2	 (60)
Here K = 21n/X0 and w is the angular frequency of the radiation. From
(58), (59), and (60) the backscattering cross-section a  of the particle
is
-24-
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(58)
t
Ia	 1 s	 4n 4 a6K
2 Io	 3	 j
n2 2n2
C ° 2^ n^ /
I
I
(61)
The total backscattering coefficient is
	
f a	 n!t	 n2 	 2VS - _ 3E aa- ^ 4K j fjai3 -j
ci2 + 2n2
where vi is the volume of the (spherical) particles of type J.
3. Formula for Rv and Criterion for Selecting
Fine- or Coarse-Particle Model
To determine the volume reflectance, on either the coarse- or
the fine-particle model, we insert the calculated values of S and K in
the previously mentioned Kubelka-Munk formula:
	
Rv° 1+S-	 c +2 S
c
Which model we use at a given wavelength depends on suitable criterion
for the limit of validity of the fine-particle model. The criterion
that we have adopted is that the value of S calculated by the fine-par-
ticle theory should not exceed a critical value S o determined by the sum
of the physical cross-sections of all particles in a unit of volume.
It is true that, according to the Mie theory, the total scat-
tering cross-section a of a single particle can exceed the physical
cross-section a  at certain wavelengths owing to resonance within the
particle. However, in a powder of closely-spaced interacting particles
(	
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(62)
(2)
having a substantial spread in effective diameter, this effect is largely
averaged out. The effect of diffraction, which also contributes signif-
icantly to the total cross-section in the Mie theory, does not have to be
separately considered since it is included in both our Bragg reflection
and immersed-particle models.
The magnitude of S o is given by
If
ba 2 E f, ao,^
	
(63)
where ao0j and v  are the average physical cross-section and volume re-
spectively, of particles of type J. The factor of 1/2 allows for the
backscattered part of the total scattering. In applying criterion (63)
we switch from the fine -particle to the coarse -particle model whenever
the fine-particle value of S greatly exceeds S o . The changeover takes
	
i'	 place for both the surface and the volume reflection.
D. OVERALL REFLECTANCE R
The overall reflectance R of the powder includes the effects
of Re , Ri, 
v 
and also the effect of diffusion of the incident collimated
beam.
The it. `ensity I  of the incident collimated beam decays owing
to both scattering and absorption according to the differential equation
dI
dXC
 = - Z (2S + K)Ic	(64)
where the 1/2 allows for the shorter distance traveled by collimated
than diffuse radiation. The factor of 2 multiplying S allows for the
fact that forward and back scattering reduce the strength of I  equally,
on the assumption of isotropic scattering. The soletion of the differ-
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Fontial equation is
I = (1 - R )I e-Rx
c	 e o
where 10 is the intensity of the incident beam and a is the exi ^_:tion
coefficient of the beam, given by
S	 5 + 2 K	 (66)
The factor 1-R allows for the loss due to external reflection.
e
The radiation scattered out of the collimated beam acts as a
distributed source of diffuse radiation. On inserting this source as an
additional term in the usual Kubelka-Hunk differential equations we solve
these equations for the distribution of diffuse radiation in the powder
(see Appendix). On applying the surface boundary conditions to the
diffuse radiation we finally arrive at the fortrula already cited for the
overall reflectance:
(1 - Re )(1 - Ri)R	 2
R - Re+	
3 -R(1 - R  ^)	 v
The reflectance for diffuse- incidence is given by the same expression
with the omission of the last factor, 2/(3-Rv). When R  is near 1 the
collimation factor is also near 1 and the effect of collimation is
small. This is to be expected since high Rv means high S/K and therefore
rapid diffusion of the collimated beam. When R  is small the collimation
factor approaches its mininum value of 2/3.
(65)
(1)
I
(	
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rIII. PROGRAMMING THE THEORY
The theoretical treatment given in the preceding section has
grown and evolved continually for several years.	 A flexible set of
computer programs has been written mostly in FORTRAN IV so that the pre-
dictions of the theory could be compared with experiment. The usefulness
of a computer in the development of this theory is very evident when one
attempts to carry out the calculations involved with a desk calculator,
for instance. At any spectral frequency a typical calculation of the
reflectance is a matter of hours and the incidence of errors is, of
course, high. The real difficulty, however, is that a calculation at a
single frequency is next to useless as the real information desired is
the shape of the spectrum. The very complex behavior of the input optical
constants 
l6,17 throughout the interesting spectral region (both n and k
can vary by three orders of magnitude over a small spectral region)
results in rather different behavior at nearly adjacent frequencies. Bands
may tend to shift one way or another and meaningful trends are only ap-
parent when one examines the spectrum. The richness of information
inherent in the optical constants is, of course, the factor that gives
infrared spectroscopy its uniqueness. In order to fully examine a
spectrum, we typically make the calculations at 450 points. Yet the
computer times for a given mixture (three components including vacuum)
run around one minute if both coarse-particle and fine-particle theories
are run together. This includes generation of the optical constants at
each frequency from a table of dispersion parameters as will be discussed
below. No real attempt has been made to optimize the computer times and
considerable savings are undoubtedly possible.
The main computations have been carried out on an IBM 7094. A
printed output is obtained and a tape is produced. The tape is used to
produce plots of the data using our IBM 360/40 computer and a Calcomp
plotter. The plots are invaluable as discussed above and save consid-
erable effort due to the large number of frequencies at which the calcu-
lations are performed.
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These programs necessarily have a large hierarchy of I/O
paraphernalia and as we frequently have wanted to test ideas at a small
number of frequencies, we have made use of a time-sharing computer sys-
tem operated through remote teletypes by the General Electric Company.
This system is ideal for rapid debugging and uses a large (GE 235) com-
puter. The system limitations are principally I/O but it serves as a
very useful adjunct in our work.
The basic scheme of our computer calculations is as follows.
An initial data card specifies the frequency limits and the frequency
increment at which the calculations are to be made. It also specifies
the number of mixtures to be examined and whether the coarse-particle
theory or the fine-particle theory, or both, is to be used. Various
possible options for using the program are obtained by multiple entries
into the main housekeeping program. The data to be used consists of a
set of approximately 20 classical oscillator parameters for each mate-
rial. These values had been obtained by curve fitting of the classical
oscillator equations to measured data. 16,17 They are values for the
high frequency dielectric constant e. ; and vi the frequency, p i the
'
	
	
strength, and y  the width of each oscillator present. They are the
parameters of the classical oscillator dispersion equations:
2	 2
v - v
n2
 - k2 = e. + E 4Trpivi v
21- v2)2 + yiv
2vi	 (67)
( i
t	 y vv
nk = E 2Trp iv i 22 i 2 2 2	 (68)i	 (vi - v ) + yiv vi
The optical constants are calculated from these equations at each fre-
quency. This procedure saves considerable computer storage space as
large tables of n and k are unnecessary. These values together with the
input volume fractions and particle sizes are then used in the subsequent
calculations. When the General Electric remote console system is used,
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values of n and k are read from tables that the 7094 program produces
so as to eliminate these computations. The subroutines that compute the
fine-particle and coarse-particle reflectances also produce Re , Ri , R ,
K and S and a host of other intermediate results. All of these can
easily be monitored in order to trace the important effects of changes
in the input parameters. We thereby have a useful method of gaining
considerable insight into what is often a very complicated interaction
of effects.
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IV. EXPERIMENTAL PROGRAM
The spectra of powders under unfavorable circumstances, such
as very fine-particle size and high porosity, tend to show low reflec-
tances or nearly blackbody conditions. 3,7 The compositional information
while still present may be observed only with great difficulty owing to
an insufficient signal-to-noise ratio. Further, the spectral emission
under ambient conaitions is rather weak. Under conditions of remote
observation, such as from an orbiting space vehicle, the area under
observation can only be observed for a limited time depending on the
orbital speed, height, etc. Observations through part or all of the
earth's atmosphere or through planetary atmospheres contain considerable
interferences. For all of these reasons, reliable experimental observa-
tions require the highest possible signal-to-noise ratio in the spectrum.
In order to decipher the possibly very complex spectrum of a mixture of
rocks and powdered minerals, it would be best to conduct a very broad-
band experiment. These factors have led us to propose 1918 that the
optimum remote sensing infrared spectrometer would be a Michelson
Iinterferometer.
A. FOURIER SPECTROSCOPY
The technique of Fourier spectroscopy has received much atten-
tion in recent years. This is not the place for a substantive discussion
of this technique as there are a number of excellent discussions in the
literature. 19-21 However, a brief desnription will be useful
A schematic diagram of a Michelson interferometer is given in
Figure 1. A monochromatic beam of radiation is divided into two beams
at the partially reflecting, partially transmitting beam splitter. One
i
of these beams travels to a fixed mirror and the other to a movable
mirror. The beams are recombined at the beam splitter and part of the
recombined beam then falls on the detector. When the path difference
for tea two beams is zero, constructive interference results. However,
I
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FIGURE 1. SCHEMATIC DIAGRAM OF MICHELSON INTERFEROMETER CUBE
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at path differences not equal to an integral number of wavelengths the
interference is more or less destructive. Thus a sinusoidal intensity
fluctuation is recorded by the detector with a period set by the radia-
tion wavelength anti velocity of movable mirror travel. For polychromatic
radiation this takes place for every wavelength and the result is a trace,
such as shown in Figure 2, called an interferogram. This interferogram
contains information as to all the wavelengths present at the detector,
each being encoded by its wavelength and the mirror velocity. Fourier
spectroscopy is the technique of decoding this interferogram by means
of a Fourier transformation. The basic equations of Fourier spectros-
copy are:
I(x) = J m B(v) cos2itvx dv 	 (69)
B(v) = J
	
I(x) cos2trvx dx	 (70)
_m
where B(v) represents the spectrum at the frequencies v and I(x) repre-
sents the interferogram as a function of path difference x. The revival
of interest in the interferometer as a spectrometer dates frc,m the early
1950s when several inherent advantages of Fourier spectroscopy over
conventional prism and grating techniques were recognized. The first
advantage is the so-called Fellgett 22 or multiplex gain in signal to
noise. The idea is that because all frequencies are examined simulta-
neously rather than sequentially the radiation is not being wasted on
the slit jaw as in a dispersion spectrometer. For otherwise identical
systems this leads to a signal-to-noise gain proportional to AN where
N is the number c.f resolution elements. The other principal advantage
is usually called the throughput advantage. While this has some
subtleties, it can be basically viewed as resulting from a different
relationship between spectral resolution and energy throughput than
a
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occurs in a dispersion spectrometer. For a conventional spectrometer
an increase of a factor of two in resolution is accomplished by halving
the slit width. As spectrometers utilize both entrance and exit slits
which should be operated together, the energy throughput is thereby
decreased by the square of the slit width, a factor of four. For the
interferometer however, there is no slit. A aingle aperture takes its
place. The resolution in this instrument depends principally on the
travel distance of the movable mirror. Thus within reason a quite large
aperture may be used resulting in large energy throughput without seri-
ously degrading the resolution. Ultimately, the phase shifts of oblique
rays limit the allowable aperture, but for viewing extended sources and
under comparable other conditions the throughput advantage can be of the
order of a factor of 100. 23 In general, interferometers tend to be
compact relatively light weight instruments but in order to utilize th^.
method of Fourier spectroscopy rather sophisticated data acquisition and
computing equipment is required. Indeed, it is quite apparent that the
renaissance of Fourier spectroscopy is largely due to the tremendous
advances in digital computers and computer techniques. Despite these
factors, interference spectroscopy has lagged in development for a num-
ber of reasons. First, the mathematical sophistication and computer
programming abilities necessary are formidable obstacles. The inter-
ferogram provides little insight into spectral results until after
Fourier transformation which usually requires some elapsed time. Elec-
tronic wave analyzers are available but they-suffer some defects in that
phase information is lost. The lack of general demand for interferom-
eters and relatively recent generally availability of computers has
resulted in slower development of interferometers than of comparable
dispersion spectrometers. The mechanical requirements for the drive
are critical and much effort has been spent in this area.
B. OUR INSTRUMENTATION
The great advantages of Fourier spectroscopy over conventional
dispersion techniques for obtaining the emittance spectra of relatively
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fweak extended -ources over a wide band of frequencies led us to delve
into this technique, despite the complexity of operation. Our first
experience with these instruments is detailed in a recent paper. 5 We
were able to obtain emittance spectra of a series of well sized corundum
powders using a Block Model 195C interferometer spectrometer having a
spectral resolution of about 15 cm 1.
We purchased an Idealab IF 3 interferometer and Hewlett-Packard
2116B computer-based digital data acquisition system for use on this
project. The interferometer is shown in Figure 3 and the overall system
in Figure 4. The interferometer has three channels. There are channels
with separate detectors above and below the infrared channel for a
"white" light and a helium neon laser. The laser is used to specify the
sampling times. The interferogram of the laser light is a sine wave,
the zero crossings of which are used as sampling positions. Thus drive
imperfections are effectively monitored. The frequency of the laser
(15803 cm -1 ) is significantly higher than any frequency of interest in
the main channel in order that the requirements of the sampling theorem
be satisfied. The "white" light produces an interferogram that has a
relatively sharp central maximum. It is used to flag a particular laser
zero crossing so that successive interferograms can be coherently added.
It is thus possible to improve the signal-to-noise ratio by adding a
number of separate runs together. The white light channel fixed mirror
to offset from the main mirror by about 0.5 mm. This produces a signal
that we take as the start of a run. The interferometer can be operated
at 10 different resolutions ranging from 10 cm-1 to 1 cm-1 (correspond-
ing to optical path differences of 1 mm to 1 cm) and at velocities
ranging from 1 mm/min to 4 mm/sec. Greater speeds are also available
but they would require different detectors.
'.
	
	
The main channel detector is a 5 mm by 5 mm Barnes Engineering
Company pyroelectric detector made of triglycine sulfate. This is a
thermal detector that "acts like a capacitor with a temperature-dependent
charge buildup. As the incident radiation is absorbed, the
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FIGURE 3. INTERFEROMETER
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rtemperature of the detector changes. This, in turn, changes the charge
and resultant voltage .,,24	 We chose this detector, which has a similar
D* to a thermistor bolometer, because it can be operated down to d-c.
This is very important as it permits us to use the slow scanning speeds
of the interferometer without external chopping.t 	 Another reason for
choosing this detector is that it can be obtained in physically large
sizes.	 The importance of the physical size of the detector can be seen
when one recognizes that the radiation to be detected is that reaching
the center of the equal inclination (Haidinger) fringe pattern.. 	 This
radiation is modulated by the changing path difference for each wave-
length present. 	 However, the modulation is decreased if too large a
detector size is utilized owing to partial cancellation of bright and
dark fringes.	 The resolution of the instrument is controlled by the
movable mirror travel, and this together with the aperture size estab-
lishes the useful size of the detector. 19
	
To put it another way, if one
wishes the maximum throughput for a given resolution, the aperture of
the instrument is matched to the detector size and the speed of a KRS 5
lens that focusses the radiation on the detector,
	
The effective detec-
tor size
D = 2fX
	
(71)
where D is the linear dimension of the detector, a is the wavelength
corresponding to the central frequency of the band or interest, f is the
focal length of the KRS 5 lens, and 2X is the optical path difference.
This represents a compromise in the acceptable size c! the central spot
of the Haidinger fringe pattern among the various frequencies of interest.
Actually, in order to take account of diffraction by the lens, 0.6 D is
used 25 instead of D.	 For higher resolutions the greater path differences
will reduce the permissible size of the detector.
	
We therefore have a
tThe literature on this detector 24 claims a frequency response from d-c
to beyond 10 KC so we felt this detector might also be utilized at high
scan speeds.
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detector.
The instrument has two interchangeable beamsplitters. The
first is made of calcium fluoride coated with silicon and has an intended
range of operation of 2-9 micron. It has proved particularly useful in
Our initial interferometer teatin} as it is relatively rugged and in-
;cinsitive to atmospheric humidity. The second beamsplitter is cesium
iodide, coated with germanium with a range of operation of 5-40 microns.
The coating thickness is chosen to establish the spectral range of oper-
ation by setting the characteristics of the interference modulation
resulting from the film thickness (channel spectrum). As the optical
quality of CsI is significantly less than that of CaF., the beamsplitter
x
	
	
sections pertaining to the laser and white-light channels are made of
CaF2'
The entire cube and transducer mechanism are mounted on an
aluminum block and enclosed by a lucite box with a KRS. y entrance window.
This box is intended to be fl.ished with dry nitrogen to protect the
moisture-sensitive CsI beamsplitter. It also insulates the interferom-•
(.'er from thermal gradients in the room.	 lie have chosen to monitor the
temperature of the interferometer rather than control it at the present
ti.me.	
^Y
C. PROGRAMMING THE INTERFEROMETER SYSTEM
It. order to obtain meaningful spectra from the interferometer,
F
three computer programs were written, ore for the Hewlett--Packard 2116B
computer and two for the IBM 360. The function of the Hewlett-Packard
-40-
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rprogram is to sample the outpu ,: signal from the interferometer at
appropriate intervals, preprocess the resulting interferograms and write
them along with other relevant parameters on a tape in a form suitat;le
for processing by the IBM 360.
At the beginning of a run the computer requests the operator
t- supply it with information on the scan speed, the required resolution,
the interval at which a sample is to be taken, the mode of collection,
and the numte:- of coherent additions of interferograms desired. It
computes stozige requirements and, if adequate storage is available, it
instructs the operator to proceed with the run.
Two modes of collection are available--a skip mode and a total-
ing mode'. For the skip mode a data sample is taken at laser fringe in-
tervals specified by a parameter called the group size. In the totaling
mode, a sample is taken at each laser fringe and the sum of the values
over a group of fringes are added together and stored as a single data
point. The totaling mode is essentially a low pass filter to further
attenuate those high frequencies passed by a Krohnhite electronic filter.
The highest frequencies of interest in the calculated spectrum are also
attenuated somewhat. For example, the amplitude of the frequency com-
ponent that is two thirds of the Nyquist folding frequency is attenuated
to 80% of the value that would be obtained by the skip mode if sufficient
co-additions were used to result in the same effective measurement time.
The use of the totaling mode results in higher signal levels, thereby
discriminating against digitizing noise. Successive scans are co-added
until the specified n,aaber are collected. Data are only collected on
the 'outward" sweep of the mirror, but as the instrument is set to
"flyback" at high velocity, little measurement time is wasted.
At the end of the data collection, the interferogram is d';-
played on an XY oscilloscope so that the operator can determine visually
whether the interferogram should be saved for further processing, whether
more co-additions are necessary, or whether the run should be discarded.
-41-{{
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The next part of the processing consists of reducing the raw
interferograms to "single beam" spectra and creating a tape file which
can be used for later computation of "double beam" spectra. Processing
may be roughtly divided into three stages- -preprocessinc, of the inter-
ferogram, calculation of phase correction terms, and calculation of
corrected spectra.
The preprocessing consists of truncating the left side of the
interferogram so that it contains no more than 10% of the points on the
•	 right side, and filling out the right -hand side of the interferogram
with zeros so that the total number of data points is an integral
multiple of two.
In .order to make the phase correction, a low resolution spec-
trum is calculated by multiplying the interferogram by a triangular
apodization function extending from 10 points before the central maximum
to 10 points beyond it.	 Apodization (literally, removing the feet), 19
refers to the fact that the Fourier transform, strictly speaking, re-
quires the use of an integral extending over an infinite range of path
differences. As this is of course impossible, the finite limits
actually used introduce spurious side bands onto spectral features.
These side bands may be attenuated by the use of an appropriate weighting
or apodizat {on function when constructing the integral. 19 Subsequent
'	 Fourier transformation results in a low resolution spectrum whose phase
angle can be used to remove any effects of uncertainty in the position
of the central maximum as well as mild chirping 21 following the scheme
of Mertz. 26
The final stage of processing consists of multiplying the
original interferogram by a trapezoidal apodization function which is
zero at the first point of the interferogram and increases linearly to
a maximum value of unity at a distance oft the right-hand side of the
central maximum equal to the distgace from the starting value to the
central maximum. The apodization function remains at unity halfway to
-42
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the end of the nonzero portion of the interferogram and then decreases
linearly to zero at the last point on the interferogram. This apodized
interferogram is then transformed using the Cooley-Tukey algorithm 27 and
the modulus is multiplied by the cosine of the difference between the
phase angle obtained with the initial short apodization function and
that obtained with the trapezoidal apodization function just described,
to yield the final finished spectrum. This spectrum is then saved on
the tape file and can be displayed on the Calcomp plotter.
The third and final part of the processing consists of com-
paring sample and background spectra from the tape file and computing
double beam transmission, reflection, or emission spectra for the sample.
The selection of the pairs of spectra to be processed and the choice of
transmission, reflection, emission, or single beam spectra to be plotted
is specified on control cards read in at execution time. The facility
to recognize and handle aliased spectra and to plot the principal alias
A
n the proper frequency range is also incorporated in our computer
programs.
D. TEST RUNS
The nature of our intended experimental program has a number
of subtle features (vide infra.). Because we have a relatively short
acquaintance with Fourier spectroscopy, we chose therefore to write our
software and establish the methods of using the interferometer under
conditions where our techniques could•.be checked out against known
spectra. A number of thin-film transmission and blackbody emission runs
were made in bath the CaF 2 and CsI regions under varying resolutions.
The films used were polystyrene and polyethylene. The blackbody was a
large aluminum blo,_,c having milled V-grooves which were sprayed with
3M black paint. This blackbody is believed to have a spectral emit-
tance of 0.99 throughout the region of interest. Figure 5 is a spectrum
of a polystyrene film obtained during the interferometer check-out
period in the region of the CaF 2 beamsplitter.
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E. EMITTANCE SPECTRA OF POWDERS
In any remote infrared spectroscopic experiment for the moon,
'	 Mars, or the earth during the daytime, the quantity measured would be
the emittance rather than reflectance at wavelengths beyond about 4
microns. Of course, at night only the emittance is measurable. While
we have shown experimentally that Kirchhcff's law is valid for powders5
we decided that our experiments would more closely approximate the
remote sensing experiments that we desire to see performed if we measured
emittance directly. The great bulk of the compositional information for
minerals lies beyond 4 microns. The only significant infrared mineral
bands that occur short of 4 microns are those due to water, either bound
or free, and the ferrous ion electronic band. The latter has been used
with some success in remote sensing experiments28929 but it is not a
truly mineralogical diagnostic.
The purpose of the experimental program is to carry out suf-
ficient critical experiments to establish the effects of changes in the
various parameters on the spectra of natural surfaces and thus to guide
the development of the theory. We believe the parameters of the spectral
reflectance or emittance function are the radiation wavelength a, the
wavelength dependent refractive index n and absorption index k, a measure
of the particle size d, and the volume fraction f for each component
present. The components of the mixture include vacuum, having n-1, k-0,
and a volume fraction equal to the porosity of the medium.
F. SAMPLE POWDERS
We have chosen to carry out our experiments principally on
corundum and quartz powders. The optical constants for both materials
17
are well known 
169
and in convenient form for our computer calcula•-
tions as discussed previously. Corundum is a grinding material and so
is available in known rather narrow particle size distributions. After
a number of inquiries we obtained a set of well sized (Figure 6) samples
r
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FIGURE 6, CORUNDUM PARTICLE-SIZE DISTRIBUTIONS
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'	 of a-Al203 (Microgrit "WCA" aluminum oxide precision lapping powders)
from the Microabrasi,%res Corporation of Westfield, Massachusetts. The
manufacturer states 30 that each particle is a discrete crystal and has
a purity of over 99%. The crystals have a platelet shape w:th their
thickness averaging about 1/5 of their diameter. The c-axis is perpen-
dicular to the platelet face. These samples were placed in a flat pan-
shaped container of sufficient depth to insure that no radiation directly
from the pan would be measured, and the edge of a spatula was run across
the top surface. A similar preparation was used to obtain scanning
electron micrographs of these surfaces. Figure 7 shows the nature of
the surfaces.	 These micrographs were obtained using a secondary elec-
tron image made with a JSM-2 Scanning Electron Microscope by the courtesy
of Mr. G. Goswell, Dr. J. Russ, and 'Ir. A. Kabaya of JEOLCO, U.S.A., Inc.
Further details are given in our previous paper.5
An obvious difficulty with using this material for theoretical
modeling is caused by the platelet shape. It appears that the orienta-
tions of the crystallites are not completely random, as some plates tend
to stack. Because the optical constants are a function of orientation,
we were in some d3ubt as to the best method of theoretically apportion-
ing the volume fractions of the two orientations for which spectra are
available. Our choices are discussed below.
A somewhat better sample geometry should be afforded by quartz
powder. Quartz tends to fracture conchoidally so that this hexagonal
.	 crystal powder can be considered to be made up of a 2:1 ratio of particles
having the electric vector.aligned perpendicular and paralle l- to the
c-axis, respectively. We will discuss data obtained for quartz powder
by ourselves, I and the National Bureau of Standards 31 below. A scanning
electron micrograph of one of the NBS samples is shown in Figure 8. This
was taken on our new Cambridge Instrument Company Stereoscan II scanning
electron microscope by essentially the same techniques as previously
discussed. 5 The poor quality of this picture is due to difficulty in
``
	
coating the quartz. It is clear, from thi•:> photograph that the nominal
f:	 I
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FIGURE 7. CORUNDUM POWDER SURFACE (15 WCA) STEREO PAIR
MADE WITH JSM-2 SCANNING ELECTRON MICROSCOPE (1500X)
9
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rFIGURE 8. QUARTZ POWDER SURFACE 500X
(NOMINAL 63 u > d > 53 u)
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r' particle size is an unrealistic representation of these samples. The
samples were obtained by screening techniques and nany small particles
evidently adhered to the larger particle.,.:.
G. EXPERIME14TAL MEASUREMENTS
In order to measure the emission from a sample, it is important
that there be a temperature difference between the sample and the back-
ground. Otherwise, the emittance of the sample is masked by its reflec-
tance of background radiation. The measured radiance at any wavelength
is essentially
N - E aB(Ts ) + RsB(Tb )
	
(72)
where E a is the emittance of the sample, R s 'ls its reflectance, B is the
blackbody function, and T is the absolute temperature.. A more precise
treatment is given in the next section. When the temperature of the
sample and background are equal, Kirchhoff's law
Rs
 = 1 - E 3	 (73)
shows that
N - B (TS )	 (74)
':'a have chosen to record the spectra of m{.nerals as close to room tem-
perature as possible in order to similite expected remote sensing exper-
iments. Therefore we decised to cool the background. Cooling of the
background reduces the reflected component of Equation (72). Our first
experimLuts of this sort were carried out in a copper enclosure cooled
by dry ice. 5 We used a Block Engineering Model 195 TC interferometer
spectrometer and measured a series of well-sized corundum powders. These
data were reduced for us by Mr. 1. Coleman of Block Engineering, using
((
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a slightly different scheme than discussed below. The experimental
details have been described previously  and the most important data are
summarized in Figure 9. The sample chamber was flushed with dry nitrogen,
but, unfortunately, the calibration experiment showed some residual CO2
and H2O absorption. These resulted in the apparent emission peak at
667 cm- 1 (CO2 ) and other apparent emission peaks due to water vapor (near
575 cm 1 and beyond about 1200 cm-1 ). As we only had a limited time
with the interferometer, we were unable to repeat these experiments.
(The interferometer was loaned to us through the courtesy of Block Engi-
neering Company.)
These emittance results corresponded very well to data obtained
by dispersion spectroscopy at the National Bureau of standards 32 for the
reflectance of the same materials. Figures 10, 11, and 12 show tae ccm-
,;	 parison which we feel provides ar. experimental validation of the appli-
cability of Kirchhoff's law to powders. Figure 13 shows in greater
detail the very 'interesting spectral variations with particle size that
occur in the vicinity of 500 cm 1 At frequencies less than 1000 cm1
the rest of the dependence of these spectra on particle size is apparently
monotonic. As can be observed from Figure 10 this is not true at
 frequencies greater than 1 000 cm 1.
The experimental enclosure (Figure 14) for measuring t emit-
tance of powders with our new interferometer is analogou3 to that used
with the Block instrument. 5933 In order to avoid calibration problems,
such as we encountered there, we decided to mount both the sample holder
and a blackbody source on a lazy , susan in the bottom of a styrofoam-lined
box so as to preserve viewing conditions between sample and background.
Because the ldealab interferometer cannot be tipped more than a few
degrees a front surface mirror inclined at 45° directs radiation from
either the sample or the reference blackbody into the (horizontal) inter-
ferometer through an aperture in the side of the box while a cold, black
aluminum shield covers both the lazy Susan and mirror. The shield is
-51-
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intended to provide a low enough radiation background to prevent the
sample from reflecting power as already discussed. The lazy susan can
be turned from the ou`side into three positions, one for the sample,
one for the reference blackbody, aad one spare.
The reference blackbody is made of a round disk of 5/8" thick
aluminum. Its front face is covered with concentric grooves of 30°
vertex angle, coated with 3M black-velvet paint. From available data on
this paint, from the calculated geometric effects of the 30° grooves, and
from confirming reflectance measurements we conclude that the reference
blackbody's emittance 1.s greater than 0.99. Since the blackbody radiates
only about 2 watts at maximum operating temperature into a cold shield,
and is heated approximately uniformly from the back, and since the thermal
conductivity of aluminum is of the order of 2 watt/degree cm, we can
conclude that the disk will be isothermal to a small fraction of a degree.
The measuring thermocouple is mounted in a deep groove on the back in the
center of the disk and is therefore expected to read the correct temper-
ature to within a small fraction of a degree.
The sample holder consists of a shallow pan. Its bottom is
made of heavy aluminum and its walls are made of Micarta, an insulating
material of low thermal conductivity. Thermocouples of 5-mil copper
constantan are stretched across the diameter at two heights in an attempt
to measure the powder temperature and gradients. The temperature of the
aluminum bottom is also measured. We feel that the thermocouples in the
powder will give a reasonable estimate of the gradient (when connected
differentially), but their absolute temperature readings are more uncer-
tain. The powder has very poor thermal conductivity and, while the lead
wires are extremely thin and stretched through a low thermal gradient
layer, we cannot expect perfect thermal equilibrium.
The cooled shield consists of an 8" diameter pot of 1/32"
aluminum with a cylindrical tank for the cooling material welded to it.
Its inside is coated with 3M black-velvet paint and in operation the
-58-
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temperature differences between the outer rim and the center, where the
coolant tank is fastened, are found to he less than 10°, in agreement
with the design estimates.
The experiments coupling the sample enclosure and the Idealab
interferometer (CsI beamsplitter) showed up a number of electrical and
optical difficulties.	 The worst problem turned out to be due to an in-
adequately designed beamspllttet,	 Because CsI is a difficult material
to polish to high tolerances, good fringes could not be obtained for
the laser and white light channels.	 The beamsplitter was therefore
fabricated from CaF2 for the laser and white light channels and CsI for
the main channel as stated above.	 This beamsplitter was intended to be
aligned by using the laser channel, but the required coplanarity of the
two pieces of optical material was not achieved. 	 Special attachments
were therefore provided to separately align the different channels.
This proved to be successful and good interferograms can now be produced.
We are currently running the spectra of some powders using a blackbody
' standard as discussed in the next section.
	 The spectra are shown in the
Appendix.
H. CALIBRATION PROCEDURE
In order to determine the emittance e s of the sample as at function of frequency we compare the signal S at each point of the spec-
trum, derived from the interferogram, with the signal Sbb from the black-
body source (Ebb = 1) mair..tained a,t a temperature close to that of the
sample. In making this calibration or normalization we must allow for
the effect of the temperatures of the enclosures surrounding the sample
as discussed previously and the detector.
We decided to operate the complete interferometer assembly in
equilibrium with the temperature controlled laboratory and to record,
this temperature (as measured at the detector housing) of the inter-
ferometer. Fortunately, the pyroelectric detector does not require a
59-
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substantial bias power, as ordinary resistive bolometers do, and it will
therefore be in temperature equilibrium with its housing (except, of
course, for the desired effect of incoming radiation).
The drive of the interferometer, the preamplifiers for signal,
white light and laser reference and the white light source dissipate very
little power and are r,.ounted within the interferometer enclosure but away
from the cube containing the optical elements. The reference laser is
mounted outside the enclosure proper.
The resultant isothermal operation of the interferometer and
detector will suppress background from the optical components and it will
simplify both experiment and analysis of the results.
We assume that the detector, the electronics, and the Fourier
transform procedure for obtaining the spectrum from the interferogram
are all linear. Therefore we can consider the signal per unit frequency
interval at some frequency %) as though all other frequency components
tr	 were absent.
4
the sample by the aper-
i let Ts , Tb , and To be
box, and the interfer-
of the beam of radiation
Let St s be the solid angle subtended at
ture in the cold box that encloses the sample an
the temperatures of the sample surface, the cold
ometer housing, respectively. Then the radiance
that enters the interferometer is
I	 S2	 0
NEsB(Ts ) + (1 - Es )(1	 SiB(Tb) + (1 - 
E s ) 2r B(To )	 (75)
where B is the blackbody function. The first term is direct radiation
from the sample. The second term is radiation from the cold box re-
flected by the sample. The third ter!; is radiation from the interfer-
ometer housing that is reflected by the sample.
-60-
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	 Let Q  be the solid angle of the beam of radiation that con-
verges on the detector after passing through the interferometer and
associated optics. If we ignore losses in the interferometer, the
radiance of this beam is also N during a modulating half-cycle in which
the inters rometer transmits from the sample to thF detector. The power
absorbed from the beam by the detector per unit frequency interval
during this half cycle is therefore
Wl - CdAd PdN	 (76)
where Cd and Ad are the emittance and irradiated area of the detector.
During the nontransmitting half-cycle of the interferometer
the detector is essentially in an enclosure at temperature To . Therefore
the power input to the detector is
W2 - C dAdRdB(T0 )	 (77)
The output modulated signal S from the detector is proportional
to W1 - W2 . Therefore
S¢ edAdPd [N - B(To )]	 (78)
Thus
P	 P
S - Cc Ad2d IE S B(Ts ) + (1 - C s )(1 - 2n)B(Tb) + (1 - C s )( 2n) B (To ) - B(To)]
(79)
where C is a constant of proportionality. As a check on this formula we
note that S - 0 when T s - Tb To.
r	 When the sample is replaced by the blackbody source (c bb- 1)
!t	 at temperature Tbb , the signal becomes
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Sbb 
m 
CE: dAdsd lB(Tbb ) - B (To )]	 (80)
Therefore
C B(T ) + (1 - e ) (1 - aS)B(T ) + ( I - e ) ( S2s ) B (T ) - B(T )
S - s	 s	 s	 2n	 b	 s 2n	 o	 o	 (81)
Sbb	 B(Tbb) - B(T0)
on solving for e s we find:
c^
S , [B(Tbb) - B(To )] - (1 - ^)IB(Tb ) - B(To)]
e s 
- 
bb	
0	 Q	 (82)
B(Ts ) - (1 - -)B(Tb) - ^ B(To)
When the cold box is at the same temperature as the inter-
ferometer (Tb - To) the formula simplifies to
S	 B(Tbb ) - B(To)
E - —	 (83)
s	 Sbb B(Ts ) - B(T0)
3
If, in addition, the blackbody source temperature matches
that of the sample, the formula reduces to
e s - 
S	
(84)
 bb
a
j
w
j
I
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V. COMPARISON OF THEORY WITH EXPERIMENT
Owing to the con;plex phenomena involved in the scattering of
radiation by particulate media, we found it useful in this study to go
through a repetitive cycle of checking the results of our computer
modeling of the theory with experimental data followed by revision of
the theory. This cycle is made necessary, we believe, because the data
represent a complicated interaction of a number of separate effects,
all of which arc complicated in themselves. We refer here to the com-
ponents of reflection previously discussed, i.e., e, R i , and R  for
both coarse and fine particles. Up to this time we have found it dif-
ficult to separately determine these components experimentally. This
means that the various simplifying assumptions necessary in the devel-
opment of the theory can only be checked indirectly. These assumptions
themselves are clearly necessary as the complex statistics of a mixture
of particles prevents rigorous microscopic analysis.
Our computer programs produce the various intermediate
theoretical results in graphical as well as numerical form. It is thus
feasible to rapidly inspect the theoretical plots and to correlate spec-
tral regions of poor fit to experimental data with the behavior of the
input optical constants. Further, the plots of the separate components
of reflectance enable one to see whether diffici.lties in the overall
match arise from one particular theoretical reflectance component.
Likewise, the ability to examine plots from either the coarse-particle
model or the fine-particle model sheds some light on the regions of
validity of each theory in terms of wavelength, particle size, and the
values of the optical constants.
During the course of this work we have several times suspected
that regions of poor fit between theory and experiment might be ascribed
to incorrect values of the optical constants as derived from single-crystal
data in the manner already discussed. However, we have repeatedly found
that moot discrepancies could be greatly reduced by improvements in our
theory.
I
A.	 QUARTZ POWDER
The samples of quartz powder, previously referred to, had
' nominal particle-size ranges that would lead one to expect that they
would provide a good test of our coarse-particle model. 	 Figure 15a
shows a comparison between experimental and theoretical reflectance
spectra for quartz powder. 	 The experimental data are for a sample hav-
ing a nominal particle-size distribution of 63 p < d < 125 u, and wer.-
obtained by the National Bureau of Standards for Dr. T. P. Rooney of
Air Force Cambridge Research Laborarovies. 31
	The data taken extended
to higher frequencies but a number ;a features believed not to be in-
trinsic to quartz showed up so we only used the portions of the curves
shown in the figure.	 Some of these other features can be ascribed to
water.	 While, as discussed previously, the particle-size distribution
is somewhat different from the nominal one, a series of theoretical
curves were obtained for different particle sizes for both the coarse-
and fine-particle theoretical models.	 The fine-particle model curves
were completely at variance with the experimental curve. 	 The best fit
from the coarse-particle model was obtained with a particle size of
100 p.	 This curve is shown in Figure 15a.	 It is to be noted that this
particle size is quite consistent with the nominal particle-size range.
The theoretical curve has not been smoothed to simulate the effect of
the finite and rather low resolution of the experimental data. 	 There-5
fore the theoretical features appear sharper than those in the experi-
mental spectrum.	 The excellent fit of the spectral shape is very
promising for remote sensing applications. 	 The fit is all the more
remarkable considering that the theoretical reflectance is a nonlinear
combination of the three component reflectances shown in Figure 15b.
It is clear that not only are all three components important but that
our general formula (Equation (E)) describing their interaction appears
to be confirmed.	 In particular, the existence of an internal reflec-
tance R 	 is essential to the explanation of the observed spectrum.
_	 Ltl
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Figure 16 shows the same sort of comparison for particles
reported to be in the range 53 u < d < 63 u and a theoretical curve where
d is taken to be 60 p.
	 Once again the fit is very satisfactory.
	
(The
in Figure 8	 fitphotograph shown 	 was taken after the	 was obtained.
	 The
"satisfactory fit" will require an explanation in terms of the actual
particle -size distribution.)	 A comparison of Figures 15a and 16 indicates
the presence of differential changes in the strengths and shapes of
various features with particles size. 	 For example, as the particle size
is decreased the features around 630 cm-1
 and 730 cm-1 grow in the theo-
retical spectrum relative to the features near 800 cm 1 .	 We observe a
similar change in the experimental data.	 We feel that the doublet at
_m 1 represents the feature shown only as a single hump in the ex-800 c -
1 .perimental data near 780 cm 	 The resolution of the experimental data
explains the smeared appearance of the band, but its slight displacement
cannot be explained at the present time. 	 However, the general trend
seems to be that as the particle size is decreased, the experimental
reflectance is decreased, whereas the theoretical reflectance increases.
The reason appears to be that two or more opposed effects are
	 pp	 present.
The scattering coefficient S of relatively large particles increases with
decreasing particle size owing to the 'larger number of interfaces per
absorption mean free path. 	 On the other hand, for very small particles,
the efficiency of scattering decreases much mere rapidly than the coarse-
particle model would imply, owing to the effects of wave optics. 	 Thus a
real powder with a wide dispersion of particle sizes can show, depending
on the relative volume fractions of coarser and finer particles, a trend
in either direction with average particle size. 	 Despite the relatively
good agreement of the experimental and theoretical curves, these argu-
ments suggest that we require some combination of the coarse- and fine-
particle models based on the real particle-size distribution. 	 The scan-
ning electron micrographs do show the presence of numerous fine particles
well below the nominal size range. 	 We intend to replace the single-par-
ticles size currently used in the theoretical modeling by a simulated
distribution of particle sizes in the future. Figure 17 shows some of
our previously obtained data  for fine-quartz powder. Unfortunately,
•	
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this spectrum was obtained using a biangular reflectance spectrometer.
The theory does not strictly correspond to such an experimental arrange-
ment. If one assumes the approximate validity of Lambert's cosine law,
however, the only discrepancy would be that the data would appear to be
arbitrarily low in absolute reflectance as the scattered radiation is
not properly allowed for. The spectral shape should be unaffected,
however.
It appears that a reasonable fit of the theory and the exper-
iment, apart from the scale factor just mentioned, might be obtained if
one could bridge between the fine- and coarse-particle theories. In
particular, the minima near 440 cm -1 and 490 cm-1
 of the coarse-particle
theory would aid in fitting the fine-particle theory to the shape ob-
served experimentally. A criterion for bridging between coarse and fine
models that is discussed in the next section suggests that this may be
the case.
B. CORUNDUM POWDER
Figure 9 shows the experimental emittance curves of corundum
powders of various particle sizes as discussed previously. It is to be
noted that for frequencies less than 1000 cm-1 the trend of the reflec-
tance with particle size is by and large the same as already noted for
quartz, i.e., the reflectance level decreases as particle size decreases.
We believe that, as before, there are opposing tendencies.
These can be illustrated schematically by the curve shown in Figure 18
for constant volume fraction of material and constant wavelength. In
this figure the portion of the curve in which the particle size is small
represents the Rayleigh scattering region of wave optics including the
effects of interactions between particles, in which the scattering power
per unit volume falls off rapidly while absorption per unit volume remains
essentially constant. The large.-particle region is the domain of geomet-
rical optics in which the scattering power per unit volume falls off with
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increasing particle size owing to a decrease in the ratio of surface
area to volume of the particles while the absorption per unit volume is
again essentially constant. The intermediate region encompassing the
s.
maximum represents a bridging region where wave optics gradually merges
into geometrical optics. The true volume reflectance for a mixture of
particle sizes can best be imagined as an integration of this curve with
a weighting factor represented by the particle-size distribution.
Now the observed decrease in reflectance with decreasing
particle size (Figure 9) can be understood in terms of translation of
the distribution curve towards the small-particle end of the curve if
the distribution straddles the peak or is entirely in the small-particle
region. On the other hand, an increase in volume reflectance with de-
creasing particle size would be observed if the distribution is entirely
at the large-particle end. If we now refer to the high frequency portion
of Figure 9 or Figure 19 (taken from NBS data 32 ) we observe both trends
with particle size. As the mean particle-size decreases in the series
of samples (from 30 WCA down to 5 WCA) it can be seen that the reflec-
tance in this spectral region at first increases, passes through a max-
imum (9, 15, and 20) and then drops rapidly (5 WCA). It should be rec-
ognized that the shape of the curve shown in Figure 18 is a function of
frequency owing to variation of the optical constants. Therefore the
order of the curves in Figures 9, 15, 16, and 19 is a function of
frequency.
Up to this time we have utilized only a single-particle size
to represent each sample rather than a particle-size distribution. We
have been able to locate a maximum, such as is referred to above, for a
particular case and produce the two types of variation in reflectance
with particle size. However, our predicted maximum appears displaced
from the observed value and the predicted rate of change in the small-
particle region appears to be considerably greater than the experimental
evidence warrants. This behavior is to be expected from Figure 18 for
the case of a very narrow particle-size distribution.
-71-
Arthur D Little, Inc.
t
000
00
00N
e-d
W
a
W
O	 RC	 O
^	 w
a
z
a0
UOC	 W
^	 O
r-I
HH U
I	 W
^ w
U Vf
O	 W
O fY U
Ln w z^ ^ dF
z w
LD
aw w
0
3 °^
0
^o	 o;
I"3w0
N
w
O
O
n
0
O	 O^	 00	 n	 .p	 v1	 N
a^xva^^iaax
-72-
Arthur Q UtEle lnc.
I
I
Our main effort has been directed toward a quantitative
theoretical explanation of the spectral shape of reflectance curves using
principally corundum data. In Figure 20a we show experimental data for
the 30 WCA sample. This curve is a composite of data that we obtained
in emittance and data obtained by the National Bureau of Standards in
reflectance. The reason for this composite is that water vapor bands
interfered with our emission spectrum at high frequencies and chat the
scale used by the Bureau of Standards was difficult to transcribe with
good resolution in the low frequency region where considerable structure
is present. As can be seen from Figures 10-12, the two sets of data are
in excellent general agreement so that we feel this composite is valid.
We did remove a feature due to atmospheric carbon dioxide from our
emittance data in this curve.
Figure 20a also shows a theoretical curve based on the Bragg
scattering model. We found in general that the fine-particle theory fits
the experimental data considerably better over most of the range than
'	 does the coarse-particle theory. However, in two regions, i.e., from
535 cm-1 to 595 cm 1 and from 400 cm 1 to 445 cm-1 we find that the coarse-
particle theory provides a rather good fit where the fine-particle theory
fails catastrophically. The fine- and coarse-particle regions of the
theoretical curve are indicated in the legend. We have sketched in the
probable trend of the curve by dotted lines in the transition regions
between the regions described by the two theories. In several regions
it is difficult to choose between the two theories. In particular, in
the region between 730 cm-1 and 870 cm-1 both theories give a poor fit
and are shown on the figure. In a few other places both theories give
an acceptable fit and we have chosen to show these as parts of the
fine-particle region.
It so happens that the regions where the coarse model is re-
quired are regions where the basic assumptions underlying the fine-particle
theory are clearly violated. A criterion for validity of the fine-particle
theory is that the backscattering coefficient S should not exceed a
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Ibackscattering coefficient S o calculated in terms of the sum of the
geometrical backscattering cross-sections for all particles in a unit
of volume (Equation 63). An inspection of the computed values of S
clearly indicates that the regions shown to require the coarse-particle
theory have values of S greatly in excess of S .
I	
o
7
i
The fine-particle curve shown in Figure 20a was calculatecl for
the value of the autocorrelation length de . 2 u. This length was estab-
lished by examining a sequence of fits for different values of d e . As de
ffis not necessarily simply related to the average particle size, the match
1	 between the two is quite satisfactory. The proper value of d required
in the coarse-particle theory is in general. different from d e since it
applies to a different physical dimension. We believe that the proper
coarse-particle value is essentially the average value over the distri-
bution of particles, of thickness dimension, c, for the corundum plate-
lets since this dimension contributes most to the interfaces per unit
length of Equation 31.
^^	 I
The volume fraction for the overall powder was set at approx-
imately 0.3 by porosity measurements. 5 In mixing the spectra for the two
orientations of corundum we have made a simplifying assumption that the
particles are randomly oriented. In the coarse-particle theory the sur-
face contribution to scattering results in a 6:1 ratio of E l C : E II C
spectra (5:1 was used in the fit shown) for the case of particles with
L
edge ratios of 5:5:1. At the present time we have used the same weight-
I
(
	
	 ing factors in calculating the contributions of the two spectra to the
-	 other components of our theory such as absorption and scattering by
refraction. We expect to refine these factors in the future. In the
IL:	 fine-particles theory where a volume average is carried out, the ratio
i	 of E 1 C : E 11 C ;could be 2:1 for uniaxial crystallites and diffuse un-
polarized radiation.
We are currently treating these weighting factors in much the
same manner as we would for volume fractions of the components of a
is
€	
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mixture.	 A more refined theory for the fine-particle region, in which
the Lorentz-Lorenz theory (which is based on spherical particles in
spherical cavities) is modified to include ellipsoidal particles in el-1
n
lipsoidal cavities, is discussed in the Appendix.
	 This theory would
allow a better treatment of anisotropic particles such as corundum and
permit a clear distinction between the effects of anisotropy and the
effects of separate components of a mixture. 	 Only preliminary computer
tests of this theory have been carried out to date.
We finally come to the region of poorest fit of our present
theory to the experimental data ;, i.e., the region between 730 cm -1
 and
870 cm 1 .	 Neither the coarse- or fine-particle theory nor a combination
of these at present explains the data in this region.
	 Our criterion is
not sufficiently gaantitative at present to enable us to choose the rel-
evant theories unambiguously.	 We are forced therefore to examine the
fundamentals of whichever theory appears to provide the best fit.
	 The
coarse-particle spectrum in this region is composed in part of a rela-
tively large surface term Re , shown in Figure 20b. 	 This term is quite
insensitive to particle-size effects using our present theory, and the
particle-size dependence shown in Figures 9 and 19 tends to suggest that
a significant modification would have to be made in R e before a good fit
could be obtained.	 A possible modification might be that of replacing
our current assumption of a relatively smooth surface by a surface that
f; is sufficiently rough so as to apportion the reflected radiation into a
component that is reflected into the forward hemisphere as well as that
reflected into the backward hemisphere. As the former component would
then be included in our volume reflectance term through the factor 1-Re,
the effect would be to reduce the surface component. However, this
roughness effect would have to be quite dependent on frequency as we
require a value close to the present surface term for the fit in the low
frequency region of Figure 20a.
Figure 20b also shows the surface and volume components of the
fine-particle theory (labeled FINE ). The volume component is so small
1
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in this region that the internal surface component, Ri , can make no
difference to the observed effects (Equation 1). It should be noted
that the shape of the R
v 
curve is very like the observed spectrum between
150 cm 1 and 1050 cm-1 and between 600 cm 1 and 700 cm-1 except for the
spike at 635 cm 1 . The low resolution in the experiment would suppress
this spike. Also shown is a modified fine-particle surface term (labeled
FINE 2 ) in which only the real part of the complex refractive index of the
particles was used in the Lorentz-Lorenz averaging formula (Equation 10).
This treatment corresponds to the original Lorentz-Lorenz calculation
for electrostatic fields in which there is no absorption in a dielectric.
For the purposes of this calculation k was linearly averaged. The fit
obtained was less promising than the one we have been discussing as the
volume term was adversely affected. However, the two fine-particle
surface terms shown in the figure indicate clearly that the fine-particle
model is very sensitive to the value of k used in the Lorentz-Lorenz
averaging process. On comparing Figure 20b with Figure 20a it can be
seen that the experimental curve in this region lies between the two
fine-particle surface term curves. This suggests that an intermediate
value of k would produce a better fit. Actually, a lower effective value
of k is reasonable if one takes into account the skin depth of penetration
of alternating fields into a lossy dielectric. The reason is that the
Lorentz-Lorenz volume averaging process would then no longer involve the
central portions of particles that in fact cannot be penetrated by the
field. This effect appears to be most critical when n << 1 and k has a
relatively large value. The fine-particle model results shown in
Figure 20a represents our current belief as to the proper method of com-
putation for the fine-particle theory using a single-particle size. How-
ever, this theory has evolved during the course of this wor, and the
fits shown by some of the earlier models were actually somewhat better
in particular regions of the spectrum. As these models involved a
previous approximation and the neglect of one factor, we would discard
them were it not for the informative trend of the fits. Figure 21 shows
fits for the fine-particle model during development to its present state.
The theoretical curve A utilized a quadratic approximation to Equation (55).
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but the factor n was inadvertently neglected. This remarkable fit was
improved in the 900 cm 1 region but made poorer in the 600-700 cm -1 region
when the n2 was included as shown by curve B. When the quadratic approx-
imation was replaced by Equation (55), the results were changed to those
shown by curve C. This curve is one of a family for different values of
de and a smaller value was used in Figure 20a owing to the shape of the
R  component near 900 cm 1 and the somewhat improved fit between 600 cm-1
and 700 cm 1 . Unfortunately, the smaller value of d e
 led to a poorer fit
in the region of the minimum near 1000 cm 1 . We are presently uncertain
as to the significance of the various poorer fits of the "better" theory.
It may possibly be related to small errors in the values of the refrac-
tive index which are magnified by the exponent, or be related to the
effects of particle-size distribution.
In addition to the above computations with the Bragg scattering
model, we also carried out some computer modeling with the immersed-par-
ticle scattering model. The results did not fit the experimental data
nearly so well as the Bragg scattering model. In spite of this we be-
lieve that the immersed-particle model deserves further attention since
it is a natural extension of the Lorentz-Lorenz theory. This theory
lends itself to the treatment of scattering by ellipsoidal particles
which may be a considerably better approximation to the platelet geometry
of corundum than is the spherical approximation already tested for this
theory.
1
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VI. CONCLUSIONS
A. SUMMARY
The research program described in this report has resulted
in the development of a theory of the reflectance of mixtures of par-
ticulate materials.	 The general theory is somewhat differently con-
structed for use in two distinct regimes. 	 The methods of geometrical
optics are used to compute the components of the theory when the particle
size is coarse compared to the radiation wavelength, while an approach
based on Bragg scattering and the Lorentz-Lorenz theory of dielectrics
K is used for fine-particulate materials. 	 Separate comparisons of these
data for	 finetheories and experimental	 coarse quartz powder and 	 corundum
powder indicate that the infrared spectral shapes of the materials can
be predicted for the most part using the appropriate regimes of the theory.
In addition, the theory predicts qualitatively many of the particle-size
dependent changes in the spectra.
	
Toward the end of this work, a crate--
rion for a decision as to the regime of applicability of each of the two
theories was discovered and it was found to fit the experimental data
qualitatively.	 This criterion involves the optical constants of the
materials in such a way as to explain to some degree why it is possible
to find adjoining spectral regions where either of the two subtheories
may be applicable. The region in which neither theory is applicable is
expected to involve some sort of compromise between the two extreme
theories and we hope to be able to empirically fit this region when the
 criterion for selection is refined.
The theory has been programmed for rapid computation using
high speed digital computers. The intermediate components and plotting
programs allow rapid useful comparison of the data with experimental
results. The physical nature of the theory is such as to allow easy
access to the effects of different geometries and particle statistics
unlike the Mie theory.
y	
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A Michelson interferometer has been used to gather emission
data for a limited number of materials. We plan to extend the use of
this powerful tool in any future work. We have also relied on data
obtained from other sources in fitting the theory to experimental obser-
vations. We believe that the development of this theory will greatly
extend the usefulness of the present capability to gather remote compo-
sitional information by infrared spectroscopy.
B. SUGGESTIONS FOR FURTHER WORK
During the course of this work we have continually tried to
refine our theoretical treatment. As the subject matter is inherently
complex, many approximations have been required. We have continually
attempted to refine and improve the theory but inevitably we have been
unable to explore a number of alternative approaches that seemed to give
high promise. In addition, the late arrival of our new interferometer
and experimental difficulties encountered in using it have delayed many
of the critical experiments we intended to carry out.
The topics for future investigation that occur to us at this
time are:
1. The Effect of Skin Depth on the Lorentz-Lorenz Theory--We
presently believe that the only spectral region of poor fit of our theory
to experimental data may be explained by the use of an improper value of
k in the Lorentz-Lorenz averaging process. We intend to conduct further
computer simulation experiments in this regard.
i.-
	
	
2. Criterion for Decision as to the Proper Subtheory to be used as
a function of the optical constants and radiation wavelength as well as
particle size. The criterion just discovered should be refined so that
a quantitative choice can be made as well as an attempt to smoothly bridge
between the two subtheories. We expect to be guided in this by the exper-
imental data such as we have been using. To this end we propose to make
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Imeasurements on coarse corundum and fine quartz to supplement our present
information on fine corundum and coarse quartz.
3.	 Evaluation of the Effect of Surface Roughness--The scanning
electron: micrographs currently in our possession have recently been con-
toured.	 We plan to extract from these contours sufficient detailed
statistical information so as to be able to properly evaluate the degree
to which the surface term has been misrepresented by our assumption of a
gentle undulating surface. 	 Our new scanning electron microscope facility
should enable further use to be made of this powerful technique for
surface evaluation.	 To this end it would be very helpful if we could
find an experimental technique for distinguishing the components of our
theory, Re , Ri , and RV .	 One experiment we have discussed for this purpose
is the measurement of the infrared emission spectrum of a roughened
sapphire crystal.	 The scanning electron microscope would be invaluable
here as a technique for accurately assessing the degree of surface
roughness of the sample.
4. The Effects of Particle Agglomeration--We believe our current
theory can be modified to combine the coarse- and fine-particle theories
in such a way as to allow for the effects of particle agglomeration.
Once again the scanning electron microscope will be helpful as a method
of identifying the degree of agglomeration for our particular samples.
We need to understand the degree of importance of both surface roughness
and particle agglomeration in order to assess the effects of these two
variables on the spectra of unknowns.
5. Experimental Studies of Mixtures--Our experimental work to date
has largely involved the use of the spectra of different orientations of
a single material in order to simulate mixtures. We plan to remedy this
by making experimental measurements on mixtures of quartz and corundum
as well as garnet and glass. The optical constants of the latter two
materials must be obtained so as to be able to usefully ei;amine the
spectra of powders of these materials. A recent paper in the literature 34
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has suggested a simple computer technique of extracting the optical
constants from either reflectance or transmittance measurements on
homogeneous isotropic materials. The study of isotropic materials
would simplify some of the assumptions we have required for dealing
with anisotropic materials. A modification of our present Lorentz-
Lorenz theory to ellipsoidal particles has already begun. This modi-
fication permits the proper distinction to be made between the effects
of anisotropy of one material and the effects of distinct materials.
tJe plan to further develop this approach and use it in conjuction with
the immersed particle model.
6. The Effects of Real Particle-Size Distributions--An easily
remedied defect of our current theories is the use of single-particle
sizes to represent real distributions. As discussed in Sertion V, we
believe this improvement should go a long way toward improving the
quantitative nature of our fits between theory and experiment.
7. Other Improvements--We intend to reprogram our theory in such
a way as to permit simulation of the scanning function of real spectrom-
eter so that the comparisons between theory and experiment will no longer
suffer from differing resolutions between them. We also plan to restruc-
ture the coarse-particle model so as to utilize the 6-beam approach
already used in the fine-particle theory.
8. The Unscrambling of Real Unknowns--A strategy for computer un-
scrambling of the spectra of unknowns will be required for use in any
remote sensing mission. We believe that a start should be made on this
topic.
Obviously, we cannot carry out all of these tasks with the
same priority. We would plan to give our first attention to Tasks 1,
2, 5, and 6.
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VII. APPENDIX
W
A. OVERALL REFLECTANCE FORMULA
The scattering of radiation from the collimated beam acts as
a source term for the diffuse radiation in the powder. When this source
term is added to the Kubelka-Munk differential equations, we obtain
dI
dx	 - (K + S)I + SJ + 2 SIc	(Al)
xm - (K + S)J + SI + 2 SI c
	(A2)
In these equations I and J are the diffuse radiation flux
densities in the positive and negative x-directions, respectively, while
I  is the flux density of the collimated beam, given by Equation (65).
The term SIc /2 is the scattering per unit volume of the collimated beam.
Lquations (Al) and (A2) have solutions of the form
I - Ce-Yx + all - Re )Ioe-fax	 (A3)
J - RvCe-Yx + b(l - Re ) Ioe
-Sx	
(A4)
where C is an arbitrary constant and
y - (K2 + 2K.S)1/2	 (A5)
f3 - S + K/2	 (A6) a3
R
	
(K + S - y)/S	 (A7)	 a
a - S(K + 2S + 0)/2(y — a2 )	 (A8)
b = S(K + 2S - S)/2(y 2 - B2)	 (A9)
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Equations (A3) and (A4) already include the boundary condition
for large x that J/I -), Rv.
The constant C is determined by the boundary condition at the
surface of the powder (x - o), which is
I(o) - R  J(o)
	 (A10)
On substituting for I(o) and J(o) from (A3) and (A4) into (A10),
and then solving for C we find that
(1 - Re)(bRi - a)10
C	 -
(1 - R  v)
(All)
The total radiation J o reflected from the surface of the powder
is the sum of the specular and diffuse components:
Jo - R 
e 
I o + ( 1 - Ri) J(o)	 (Al2)
On substituting for J(o) from (A4) and taking the ratio of J o to 1  we
find for the overall reflectance:
(1 - Re ) ( 1 -
R = R +
e
Ri)S[(K + 2S - 8) -
2 (Y 2 - 0 2 )(1 - RvRi)
(K+2S +01
(A13)
With the help of (A5,6,7), (A13) reduces to the form given
in Equation (1).
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B. FRACTION f  OF RADIATION BACKSCATTERED BY REFRACTION
In Figure Al a ray incident on a random interface is repre-
sented by the point P on the surface of a sphere of unit radius. The
cone of half-angle ^m that contains the refracted rays produced by all
orientations of the interface is represented by the small-circle AEBD
on the sphere.	 The plane of the great-circle ACB is parallel to the
surface of the powder.
On the assumption that the refracted radiation is uniformly
distributed over the cone, we can write for the fraction f  of the
radiation that is backscattered:
Area ACBD (A14)b	 Area AEBD
The area of the spherical cap is
AEBD a 27(1 - coOm )	 (A15)
The area ACBD can be expressed as
ACBD - APBD - APBC
= 26(1 - cos¢m) - APBC	 (A16)
where 6 is the angle APC.
Now APBC is a spherical triangle since its sides are a_U arcs
of great circles. Therefore, since the area of a spherical triangle on
a unit sphere is the sum of the three angles less Tr,
APBC • 2e + 26 - r
	 (A17)
where a is the angle PAC.
r
,
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FIGURE Al. DIAGRAM FOR CALCULATING THE BACKSCATTERING DUE TO REFRACTION
-87-
Arthur Q Uttle, Inc. 	
I^
m"
rI
Also from spherical trigonometry,
sinE	 sinX
sin^m	 (A18)
and
cosd = ttan¢
	
(A19)
where X is the arc CP.
With the help of Equations (A15-A19), Equation (14) takes the
form shown in Equation (21).
C. GENERALIZATION OF THE LORENTZ -LORENZ THEORY TO ELLIPSOIDAL PARTICLES
The original Lorentz-Lorenz theory expresses the dielectric
constant of a material in terms of the electric polarizibility of the
molecules (assumed to be spherical) of the material. We have extended
the theory to the case of spherical particles of macroscopic size. Here
we extend the theory still further to the case of randomly oriented el-
lipsoidal particles. Such particles, with a suitable choice of the axes
of the ellipsoids, will approximate platelet and needle -shaped particles
as well as rounded particles.
As in the Lorentz -Lorenz theory we consider that the field
acting on a giver particle is the field that would exist in a cavity of
the same shape as the particle if the particle were removed, but with
the dipole moments of all other particles frozen in magnitude and direc-
tion. Let Ex , Ey , E  be the electric field components in the medium
referred to axes aligned with the principal axes of the ellipsoid. Then
the field components EX, Ey, EZ in 	 the cavity are
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E  - Ex (1 + LX)	 (A20)
E  - Ey (1 + MX)	 (A21)
E  - Ez (1 + MX)	 (A22)
where X is the effective electric susce;,tibility of the medium and L, M,
"nd N are depolarization factors that depend on the shape of the ellipsoid. 35
For the spherical case, L - M - N - 49/3. For the case of a disk-shaped
ellipsoid with short axis in the x-direction L - 4n, M = N - 0.
From electrostatic theory the polarization produced in the
particle by the field in the cavity has components
ppX - l Xp.X E 	 (A23)
P
X
py - 1 +PMXP Ey	 (A24)
pp
z - 1 +pNX Ez	 (A25)
P
where X  is the electric susceptibility of the particle.
On substituting for EX, Ey, E  from (A20-22) we get
pp	 Xp(1 + LX) E
x - (1 + LXp) x	 <A26)
XP(1 + MX)
pp
	
(1 + MXp) E 	 (A27)
pp	 Xp(1 + NX) E	
(A28)
z	 (1 + NXp)	 z
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fMEX - V (A33)
-V
Let 0 be the angle that the x -axis of the ellipsoid makes with
the total field E in the medium. Then
Ex - E cos0	 (A29)
and
Pp	
Xp(1 + LX)
E cos0	 (A30)X	 (1 + LXp) 
The average component of PPX in the atrection of E is found by multiplying
Pp by cos0 and averaging over all values of 0. The result is
x
X(1 + LX)
(Pp 	 p	 E
x E	 3 (1 + LXp) (A31)
On adding the similar contributions from Py, P i we find for the average
electric dipole moment of the particle
1	 Xp(1 + LX) Xp ( 1 + MX) + Xp (1 + NX)
M	 3 EV ^(1 + LXp) + (1 + MXp)	 (1 + NXp)	 (A32)
where V is the volume of a particle.
We next express M in terms of the susceptibility of the medium:
where f is the volume fraction of the particles.
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rOn substituting for M from (A32) into (A33) and solving for X
we obtain the result
fI Xp
	
+ Xp
	
—P--JL 1 + LXp 1 + MXp i + NXp
X	 —	 LXp	 MXP_	
NXp	 (A34)
3 - f 11 + LX  + 1 + MX  + 1 + NX p ]
This formula reduces to the usual Lorentz-Lorenz result for
the case of spherical particles where L = M = N = 47/3.
In the case of a mixture of particles (A34) becomes
E f r_ X j _ + Xi +__WX	 j j l+ LiXj 	1+ MjXj	 1+ 	
(A35)
_L^3 - j 1 + Lj Xj + 1 + Mj Xj +^ 	 1 + NjXj
where X  is the electric susceptibility of mineral J.
We can generalize the result still further by letting the
particles be birefringent, in which case different values of X j , e.g.,
XL ) XM , XN , must be associated with the three ellipsoid axes. TheJ
	 j	 j formula they, becomes
X =
	
rr X
L .	 XMi	 XN j	
1Z f	 +	 +j L 1+Lj XL 	1 MjXM	 1+NjXN J
L j X L	 M XM	 NjXN
_	 C	 j	 j J3 E fj L1 + Lj XL + 1 + Mj XM	 1 ++	 NjXN.j	 j	 ^
(A36)
The X's are related to the optical constants as follows:
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X = E - 1	 (n - ik) 2 - 1	 (A37)
4rr	 47T
(nL - ikL
 ) 2 - 1
XL	 i	 4Tr	 etc.	 (A38)j
The factors L, M, N are related, to the semi-axes a, b, c of the
ellipsoid as follows; 35
L = -4n abc 42	 (A39)
3a
M = -47r abc 42	 (A40)
3b2
N = -41rabc 3o2
	
(A41)
3c
where
_	
du	 (A42)
0	 (a2 + u) (b2 + u) ( c2 + u)
In the case of an oblate sph: oid for which b - c - a/ 1 - e2
:- :e:'
L = 4n ( 2 - lea 	 sin-le^	 (A43)
M = N = 21r - L/2
	
(A44)
For example, for platelets like corundum with b - c - 5a, L = 9.43 and
M = N = 1.57.
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In the case of a prolate spheroid, for which b - c - a Nrl - e2,
1	 L = 4n(e - 1)C2e log 1 - e - 1J	(A45)
IM - N = 27T - L/2	 (A46)
1	 D. SPECTRA OF POWDERS USING INTERFEROMETER SYSTEM
I At the conclusion of this work we succeeded in using our new
interferometer system in conjunction with the sample enclosure, already
discussed, to obtain emittance spectra of powders. 	 The first sample run
was the corundum WCA 30 powder previously discussed. 	 We felt it necessary
to rerun this sample as a final check on our overall system. 	 The emit-
tance spectrum is shown in Figure A2. 	 Thermocouples mounted at known
positions in the powder permitted an extrapolation to the temperature of
the surface.	 This temperature proved to be in error by a few degrees,
and we followed the procedure discussed in our previous work s
 to obtain
the true surface temperature.	 The results, which extend to lower fre-
quencies, are consistent with our previous results and thereby confirm the
validity of our procedures. 	 We note the absence of the 660 cm-1 CO2
feature that resulted from inadequate calibration of our previous data.
The present data were taken using 10 cm 1 resolution and the features
were clearly discernible in a single 30-second scan. 	 The data shown
represent 20 co-additions. 	 This powder had a porosity of fvac - 0.612.
We then ran a sample of , a relatively fine-grain quartz powder.
The particle-size distribution of the sample was examined by optical
microscopy, using the split-image technique for measurement of particle
diameter.	 The volume fraction distribution obtained in this way is
bimodal.
	
Particle diameters between 10 and 20 u constitute the bulk of
the material with peaks near 12 and 19 p.	 The porosity was measured to
be f
	 = 0.761.	 Once again the temperature measurement was somewhat
vac
uncertain.
	
We chose the curve shown in Figure A2 by the same technique
r
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of assuming an emittance value of unity at a Christensen frequency as
discussed in Reference 5. For completely unknown samples, it will be
necessary to refine our temperature measuring technique.
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